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The paper studies the interaction of Lamb waves with the free edge of a plate. The reflection
coefficients of a Lamb mode at a plate free edge are calculated using a semi-analytical method, as a
function of frequency and angle of incidence. The conversion between forward and backward Lamb
modes is thoroughly investigated. It is shown that, at the zero-group velocity (ZGV) frequency,
the forward S1 Lamb mode fully converts into the backward S2b Lamb mode at normal incidence.
Besides, this conversion is very efficient over most of the angular spectrum and remains dominant
at frequencies just above the ZGV-point. This effect is observed experimentally on a Duralumin
plate. Firstly, the S1 Lamb mode is selectively generated using a transducer array, secondly the
S2b mode is excited using a single circular transducer. The normal displacement field is probed
with an interferometer. The free edge is shown to retro-focus the incident wave at different depths
depending on the wave number mismatch between the forward and backward propagating modes. In
the vicinity of the ZGV-point, wave numbers coincide and the wave is retro-reflected on the source.
In this frequency range, the free edge acts as a perfect phase conjugating mirror.
PACS numbers: 43.20.Gp, 43.20.Mv, 43.40.At, 43.35.Cg, 43.40.Dx
Keywords: Negative reflection, Laser ultrasonics, Backward Lamb mode, Phase conjugation
I. INTRODUCTION
Controlling the propagation of acoustic or elastic
waves is of fundamental interest for many applications
ranging from imaging the living and detecting hazardous
components, to information processing and structural
health monitoring. Owing to this context, the concept
of negative refraction has received a great deal of
attention for the last fifteen years. In a negative index
material, the energy flow as dictated by the Poynting
vector should be in the opposite direction to the wave
vector [1–3]. This property implies that at an interface
between a positive and a negative index material sound
is bent the unusual way relative to the normal. In this
paper, we consider a related phenomenon referred to
as negative reflection. A negative reflecting mirror is
an interface at which sound is retro-reflected. There is
a strong analogy with a phase conjugating mirror [4],
except that, in our case, the negative reflecting mirror
does not involve any nonlinear process.
Until now, negative refraction of elastic waves has
been mainly implemented either using the concept of
phononic crystals [5–8], or opting for metamaterials [9],
an arrangement of tailored subwavelength building
blocks from which the material gains unusual macro-
scopic properties. However such manmade materials
usually rely on resonating structures, a feature that
induces strong losses. More recently, an alternative route
has been proposed for the negative refraction of guided
elastic waves. An elastic plate actually support an
ensemble of modes, the so-called Lamb waves, which ex-
hibit complex dispersion properties. In particular, some
Lamb modes, often referred to as backward propagating
modes in the literature, naturally display a negative
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phase velocity [10–13]. These modes originate from the
repulsion between two dispersion branches having close
cut-off frequencies, corresponding to a longitudinal and
a transverse thickness mode of the same symmetry. The
lowest branch exhibits a minimum corresponding to a
zero-group velocity (ZGV) point [14, 15]. Above this
resonance, there is a coexistence of a negative phase
velocity (backward) mode and a positive phase velocity
(forward) mode. This peculiar property has been taken
advantage of to achieve negative refraction [16, 17]
through mode conversion between forward and back-
ward propagating modes (or vice versa) at a step-like
thickness discontinuity. In a pionneering experiment, few
years ago, Germano et al. showed that this conversion
from forward to backward Lamb waves also occurs at
a simple free edge of an elastic plate, giving rise to
negative reflection [18]. More recently, in a concurrent
study by Veres et al. , the negative reflection of Lamb
waves has been investigated above the ZGV resonance
through numerical simulations and laser-ultrasound
experiments [19].
In this paper, we investigate this phenomenon in-depth
both theoretically and experimentally. From the theo-
retical side, we compute the reflection coefficient of a
Lamb mode impinging on the free edge of the plate as
a function of frequency and angle of incidence. Several
studies addressed this problem in the past under nor-
mal [20–25] and oblique [26–29] incidence but none of
them considered the case of backward Lamb modes. Our
main result is that, close to the zero-group velocity point,
the forward and backward modes are strongly coupled.
They convert preferentially into each other, giving rise
to negative reflection over the whole angular spectrum.
These theoretical results are then illustrated through an
experiment conducted on a Duralumin plate. The inci-
dent mode is selectively generated by a transducer array
in contact, and the field reflected at the plate edge is
probed by laser interferometry. Whereas the pioneer-
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2ing study of Germano et al. [18] only dealt with the
negative reflection of plane waves, a cylindrical incident
wave-field is here considered. The free edge is shown
to back-focus the incident wave-field at different depths
according to the wave number mismatch between the for-
ward and backward propagating modes. In the vicinity of
the ZGV-point, this mismatch vanishes and the reflected
wave-field back-focuses exactly on the point-source: The
free edge then acts as a phase conjugating mirror.
II. THEORETICAL INVESTIGATION OF THE
NEGATIVE REFLECTION OF LAMB WAVES AT
A FREE EDGE
The interaction of an incident Lamb wave with the
free edge of a semi-infinite plate has been widely studied
under normal incidence, using modal decomposition and
collocation techniques [20–25]. The case of an oblique in-
cidence has been considered more recently. Gunawan et
al. [26] and Wilcox et al. [27] addressed this problem in
the low frequency regime using a modal decomposition
and a frequency-domain finite element method, respec-
tively. More recently, Santanham et al. [28], and Feng et
al. [29] have investigated the reflection of Lamb modes
in a higher frequency regime, using a modal decomposi-
tion. Nevertheless, in the above mentionned references,
the question of backward modes is not addressed as they
consider frequency bands over which backward propa-
gation does not occur. In this paper, we consider the
reflection of a Lamb wave at the free edge of a plate in
the vicinity of a ZGV resonance at which forward and
backward propagating modes coexist. To that aim, we
extend the modal decomposition method derived by Pag-
neux [25] under normal incidence to a 3D polarization.
A. Determination of the plate modes
The plate modes are first derived in the right-handed
coordinate system (x1, x2, x3) whose x1−axis lies along
the propagation direction of the wave and x2−axis along
the normal of the plate. Considering a homogeneous,
isotropic plate at the pulsation ω, the elasticity equations
are given by
− ρω2u = ∇ ·σ, (1)
where ρ is the density of the material, u = (u1, u2, u3)
T
is the displacement field and σ = [σij ] is the stress ten-
sor. Considering an isotropic material, the strain-stress
relations can be written as σij = λTr []δij + 2µij , with
(λ, µ) the Lame´ parameters, δij the Kronecker symbol
and  = [ij ] the infinitesimal strain tensor. The bound-
ary conditions correspond to the cancellation of the stress
tensor on the plate surfaces, σ · n = 0, where n is the nor-
mal to the surface boundary. Considering the geometry
of the problem, solutions are in the form :
{ui (x1, x2) , σij (x1, x2)} = {ui (x2) , σij (x2)} · exp (ı · kx1).
(2)
Dimensionless variables are obtained by normalizing the
components of the displacement field u by h, the coordi-
nates xi by h and the stress tensor σ by µ. The resulting
equations are
− Ω2u = ∇ ·σ, (3)
σij = (γ − 2) Tr []δij + 2ij , (4)
σ (x2 = ±1) · n2 = 0, (5)
with Ω = ωh/cT , the dimensionless frequency,
γ = (λ + 2µ)/µ = c2L/c
2
T , cL and cT , the bulk lon-
gitudinal and shear velocities, and n2 the normal to the
plane (x1, x3).
In this system the equations associated with the
different displacement components are uncoupled.
This decoupling distinguishes two different families of
modes, shear horizontal (SH) waves with polarization
u3 and Lamb waves, polarized in the propagation plane
(u1, u2). Both families are composed of an infinite
number of modes called propagative for a real wave
number, evanescent for an imaginary wave-number and
inhomogeneous for a complex wave number. At a given
frequency, there is only a finite number of propagating
SH and Lamb modes, whereas an infinite number of
evanescent SH modes and inhomogeneous or evanescent
Lamb modes exists. Considering the symmetries of the
displacement field with respect to the plane x2 = 0,
both Lamb and SH modes can be separated in two inde-
pendent subfamilies of symmetrical and antisymmetrical
modes. Symmetric/antisymmetric SH modes correspond
to an even/odd u3 (x2) polarization along the plate
thickness. Symmetric/antisymmetric Lamb modes have
an even/odd in-plane component u1 (x2) combined with
an odd/even transverse component u2 (x2). As the plate
edge is symmetrical with respect to the x2 = 0 plane, the
scattering at a free edge preserves the mode’s symmetry.
As a consequence, a symmetrical Lamb mode is reflected
into symmetrical Lamb and SH modes.
Right-going (respectively left-going) propagating
modes correspond to a positive (respectively negative)
group velocity ∂ω/∂k, whereas right-going (respec-
tively left-going) evanescent and inhomogeneous modes
correspond to wave numbers with strictly positive (re-
spectively negative) imaginary parts. In the following,
each (Lamb and SH) right-going mode,
{
u
(n)
i , σ
(n)
ij
}
, is
associated with an index n. These modes are ranged
in ascending order of their wave numbers imaginary
part and descending order of their real part. Each
right-going mode,
{
u
(n)
i , σ
(n)
ij
}
, of wave number kn can
be associated with a left going mode,
{
u˜
(n)
i , σ˜
(n)
ij
}
, of
wave number −kn.
B. Interaction of a Lamb mode with the free edge
of a plate
The plate is now assumed to be semi-infinite, occupy-
ing the region x′1 < 0, bounded by two parallel planes at
x2 = ±h, as depicted in Fig. 1. Let us consider an inci-
dent right-going Lamb mode, of wave number ki, carrying
an unit energy flux towards the free edge of the plate with
an angle of incidence θi with respect to n
′
1, the normal
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FIG. 1. (color online) Interaction of an obliquely incident
Lamb wave with the free edge of a semi-infinite plate. To sat-
isfy the stress-free condition at the free edge, the monochro-
matic incident wave is reflected into an infinite combination
of the propagating, inhomogeneous, evanescent Lamb and SH
modes existing at this frequency. Each mode is reflected with
an angle θn dictated by the conservation of the wave-vector
component along x3. Here we show the case of an incident
mode i that is positively reflected into two forward modes, m
and p, and negatively reflected into a backward mode q. For
the sake of clarity, evanscent and inhomogeneous modes are
not represented in the figure but note that they are taken into
account in our calculation. Note that the Poynting vector Πq
of the negatively reflected mode q is anti-parralel to its wave
vector kq.
to the free edge, as depicted in Fig. 1. In order to sat-
isfy the stress-free condition, this incident Lamb mode is
reflected into an infinite combination of left-going Lamb
and SH modes of wave numbers −kn. Thus, it is nec-
essary to consider not only the propagating modes but
also the different evanescent and inhomogeneous Lamb
and SH modes. For a given mode n, the reflection angles
θn are determined by the conservation of the component
ξ of the wave vector along the edge direction.
ξ = ki sin (θi) = −kn sin (θn). (6)
Note that for an incident forward mode associated with
a positive angle, the reflection angle is positive for
a forward mode and negative for a backward mode.
The strain-displacement field
{
u
′(n)
i , σ
′(n)
ij
}
of a reflected
mode expressed in the coordinate system (x′1, x2, x
′
3), as-
sociated with the plate edge, can be obtained from the
strain-displacement field
{
u
(n)
i , σ
(n)
ij
}
expressed in the
coordinate system (x1, x2, x3) using the following equa-
tions :
u′(n) = R (θn) · u(n), (7)
σ′(n) = R (θn) ·σ(n) ·R (θn)
T
, (8)
where R (θ) is the rotation matrix,
R (θ) =
 cos (θ) 0 − sin (θ)0 1 0
sin (θ) 0 cos (θ)
 .
The stress-free condition at the edge of the plate (x′1 =
0) can be written as the cancellation of the sum of the
incident mode and the reflected modes weighted by their
complex reflection coefficients ri|n :
0 = σ′(i) · n1 +
+∞∑
n=1
ri|nσ˜′(n) · n1. (9)
The solution of this problem is calculated following the
method developed by Pagneux [25] and extending it to
a 3D polarization. It combines a collocation discretiza-
tion along the x2-coordinate and a modal approach. This
approach, fully described in the Appendix, allows to de-
rive the amplitude reflection coefficient ri|n for any in-
coming mode and incident angle θi. Note that, due to
reciprocity, ri|n = rn|i. In practice, in the frequency
band starting from fZGV × (2h) = 2.87 MHz · mm to
f× (2h) = 3.30 MHz · mm, we have considered 199 Lamb
modes and 100 SH modes, which allows to satisfy the con-
servation of energy, since 1 −∑p ∣∣ri|p∣∣2 ∼ 10−8, where
the index p denotes a sum over the propagating modes.
C. Application to a Duralumin plate
Our theoretical approach is now applied to the case
of a Duralumin plate, with a density ρ = 2790 kg/m3,
a longitudinal wave velocity cL = 6398 mm/µs, and a
transverse wave velocity cT = 3122 mm/µs. The disper-
sion curves of the first propagating symmetrical Lamb
and SH modes are shown in Fig. 2(a). For the sake of
clarity, the SH and Lamb modes are labeled SHi and Si,
respectively. As highlighted by previous studies [12], over
the frequency range from the ZGV resonance to the cut-
off frequency, a right-going S2 Lamb mode is associated
with a negative wave number, i.e., a negative phase ve-
locity ω/k and a positive group velocity ∂ω/∂k resulting
in a backward propagation. This mode is labelled S2b in
order to differentiate it from the forward propagating S2
mode.
Another crucial feature is the occurrence of a min-
imum for the S1 and S2b dispersion branches at the
same frequency f = fZGV and opposite wave numbers
k = ±kZGV . This minimum corresponds to a zero-group
velocity point, where the group velocity vanishes while
the phase velocity remains finite [14, 15].
Figure 2(b) displays the frequency-dependent re-
flection coefficients for a normally incident S1 wave
on a free edge in the frequency band starting from
f × (2h) = fZGV × (2h) = 2.87 MHz · mm to
f × (2h) = 3.30 MHz · mm. At normal incidence,
due to the decoupling between Lamb and SH modes, the
incident mode is converted into a combination of Lamb
modes only. A remarkable feature in Fig. 2(b) is the
perfect conversion from the forward S1 mode into the
backward S2b mode in the vicinity of the ZGV-point. It
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FIG. 2. (color online) (a) Dis-
persion curves of the first prop-
agating symmetrical Lamb and
SH modes in a Duralumin plate.
(b) Modulus of the reflection co-
efficients |rS1,n| of the propa-
gating Lamb modes for an in-
coming S1 Lamb mode at nor-
mal incidence as function of the
product (frequency · thickness)
in MHz.mm.
arises from the equality between the wave numbers of the
incident forward S1 mode and the reflected S2b mode.
As a consequence, these two modes are associated with
similar stress-displacement fields. The only difference
lies in their opposite Poynting vector directions. Thus,
the stress-free boundary condition at the edge of the
plate can be satisfied with a simple combination of
S1 and S2b modes stress field, leading to a reflection
coefficient rS1|S2b = −1.
Nevertheless, this picture is only valid under a nor-
mal incidence since it implies a perfect decoupling be-
tween the SH and Lamb modes. Figure 3(a) shows
the evolution of the reflection coefficients
∣∣rS1|n∣∣ with
the angle of incidence of the incoming S1 Lamb mode
at f × (2h) = 3.00 MHz · mm. Far from the ZGV-
point, the S1 mode is simultaneously reflected into S0,
S1, S2b and SH0 modes. As |kS2b | < |kS1 |, the conver-
sion of S1 into S2b only occurs below the critical angle
θc = arcsin (|kS2b/kS1 |). Interestingly, this conversion re-
mains almost constant for |θS1 | < θc. The S2b mode is
thus excited over the whole angular spectrum. This fea-
ture holds close to the ZGV-point (see Fig. 3(b)), more-
over the conversion is now nearly perfect
(∣∣rS1|S2b ∣∣ ∼ 1)
over the whole angular spectrum (θc → pi/2). Besides,
as rS1|S2b = rS2b|S1 , the conversion of an incident S2b
mode into S1 is also nearly perfect. Close to the ZGV
resonance, the free edge thus acts as a nearly perfect neg-
ative reflecting mirror for both S1 and S2b modes. This
striking behavior is now investigated experimentally in
the next section.
III. NEGATIVE REFLECTION OF A
CYLINDRICAL WAVE-FIELD: EXPERIMENTAL
RESULTS
The conversion between forward and backward modes
at the free edge of a plate results in negative reflection.
This effect is a direct consequence of their oppositely
signed wave numbers and of the conservation of the par-
allel component of the wave vectors at the edge of the
plate. In the first two parts, we will take advantage of
negative reflection to experimentally demonstrate a tun-
able focusing mirror above the ZGV resonance. In a third
part, the free edge will be shown to act as a phase con-
jugating mirror in the vicinity of the ZGV point.
A. Experimental demonstration of the plate edge
acting as a tunable focusing mirror for an incident
S1 Lamb mode
The principle of the focusing plane mirror for an inci-
dent S1 Lamb mode is depicted in Fig. 4 for a plate of
thickness 2h = 1 mm. Considering a point source S emit-
ting selectively the S1 mode at f = 2.90 MHz [Fig. 4(a)]
and f = 3.00 MHz [Fig. 4(b)], the network of the S2b re-
flected rays corresponding to different angles of incidence
cross the principal axis at different distances d from the
free edge,
d = D
∣∣∣∣ tan θitan θS2b
∣∣∣∣ . (10)
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FIG. 3. (color online) Modu-
lus of the reflection coefficients
of the propagating Lamb and
SH modes for an obliquely in-
cident S1 Lamb waves as func-
tion of the dimensionless paral-
lel wave number ξ ·h for (a) f ×
(2h) = 3.00 MHz · mm and
(b) f×(2h) = 2.87 MHz · mm ∼
fZGV × (2h). The correspond-
ing angles of incidence and re-
flection are also indicated.
At the critical angle of incidence (θS2b = pi/2), the inter-
section with the principal axis always occurs on the edge.
On the contrary, in the limit of small incident angles, it
occurs at a maximal distance dM given by
dM ' D
∣∣∣∣kS2bkS1
∣∣∣∣ , (11)
where D is the distance from the source to the edge. The
non-linearity of θS2b as a function of the incident angle
θi [Eq. 10] causes a non-uniform deposit of energy along
the principal axis between the edge and the point located
at a distance dM . Fig. 4(c) displays the dependence
of d/D with the incident angle θi at three frequencies.
The concavity of the different curves at each frequency
indicates that the density of rays increases gradually on
the principal axis as the angle of incidence decreases.
Thus, most energy is focused at a distance dM from
the edge. This is all the more true as the frequency
approaches fZGV .
In order to illustrate the focusing effect induced by the
plate edge, the S1 mode generation should be made as
selective as possible. Experimentally, this is performed
by means of an array of 64 transducers placed at a
distance D = 10 cm from the free edge, as shown in
Fig. 5 (see Appendix for details). The plate dimensions
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FIG. 4. (color online) Network ray tracing of the reflection
by a free edge for a plate of 2h = 1 mm at (a) f = 2.90 MHz
and (b) f = 3.00 MHz. The S2b reflected rays cross on the
principal axis in the segment limited by the edge and the point
at a distance dM (see Eq. 11) from the edge (orange thick line).
(c) Dependence of the ratio d/D with the incident angle of the
S1 mode at frequencies f = 2.87 MHz ∼ fZGV (green dashed
line), f = 2.90 MHz (blue plain line) and f = 3.00 MHz (red
dots).
are chosen so that only the facing free edge causes
reflection during the recording time of the experiment.
The out-of-plane displacement is measured from the
transducers’ array to the plate edge with a heterodyne
interferometer. The measurement is made over a grid
of points that maps 10 × 10 cm2 of the plate surface,
with a pitch of 0.5 mm. Signals detected by the optical
probe are fed into a digital sampling oscilloscope and
transferred to a computer. A spatio-temporal discrete
Fourier transform (DFT) of the recorded wavefronts is
then performed from 2.90 to 3.10 MHz for wave numbers
ranging from −4 to 4 mm−1. Then, the experimental
dispersion curves are obtained by angularly integrating
the spatial Fourier plane at each frequency.
To characterize the wave-field generated by the array
of transducers, a dispersion curve is first computed over
a time range of 70 µs that excludes the echoes due to
reflections on the free edge. The result is displayed in
Fig. 6(a). It appears that the S1 mode is efficiently
generated, unlike the S2b mode. The antisymmetric A1
mode is also significantly excited. Nevertheless, this
mode is only reflected into anti-symmetric ones at the
free edge for symmetry reasons. Hence, its excitation
does not affect the analysis of symmetrical modes. The
angular dependence of the S1 mode excitation can be
evaluated at each frequency by considering the spatial
Fourier plane. Fig. 6(b) highlights the anisotropy and
angular inhomogeneities of our generation scheme at
the frequency f = 3.00 MHz. This can be accounted
for by the finite size of the source and the imperfect
coupling between the transducers’ array and the plate
x
1x
3
x
2
D
W
Array of 64 transducers Interferometer
’
’
FIG. 5. (color online) Experimental setup. The S1 mode
is generated selectively in the Duralumin plate of thickness
2h = 1 mm by an array of 64 transducers. The out-of-plane
component of the local vibration is measured with a hetero-
dyne interferometer over a grid of point that maps 10×10 cm2
of the plate surface. The grid pitch is 0.5 mm.
surface. Nevertheless, the angular range is sufficient
to access the critical angle θc, hence providing a re-
flection of the S2b mode over the whole angular spectrum.
Fig. 6(c) depicts the dispersion curve computed over a
time range from 0 to 200 µs that includes the waves re-
flected by the free edge. As expected theoretically, a sig-
nificant part of the incident right-going S1 mode is con-
verted into a left-propagating S2b mode at the free edge,
resulting in negative reflection. The left-going backward
propagating S2b mode is also associated with a positive
wave number k, because of its negative phase velocity.
Figure 6(d) shows the corresponding spatial Fourier plane
at f = 3.00 MHz. It brings to light the wide angular dis-
tribution of the reflected S2b wave that will give rise to
the focusing of the reflected wavefront.
To demonstrate this focusing, the S2b reflected wave-
field is extracted from the data by filtering the Fourier
plane at each frequency with a spatial low pass filter with
a cut-off kc < kS1 . Fig. 7(a)-(d) shows the reflected wave-
field at different frequencies. Given the position of the
source, the focusing distance from the free edge is deter-
mined by the ratio |kS1 | / |kS2b | as depicted in Eq. (11).
As this ratio increases with frequency, the focal spot goes
closer to the free edge. In the limit of infinite wavelength
for the mode S2b (i.e. at its cut-off frequency), the focus-
ing occurs directly on the free edge. To conclude, Fig. 7
is a nice illustration of the tunable focusing property that
can exhibit a simple free edge thanks to negative reflec-
tion.
B. Experimental evidence of the plate edge acting
as a tunable focusing mirror for an incident S2b
Lamb mode
The principle of the focusing plane mirror is now
studied for an incident S2b Lamb mode. Slightly above
the ZGV point, the incident mode is expected to be
exclusively reflected into the S1 Lamb mode at the free
edge of the plate. The principle of the focusing plane
mirror for an incident S2b Lamb mode emitted selectively
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FIG. 6. (color online) (a)
Experimental dispersion curves
obtained with signals truncated
before the reflection at the free
edge. The S1 mode is gener-
ated preferentially along with
the antisymmetric A1 mode.
(b) Incident wave-field in the
spatial Fourier plane at f =
3.00 MHz. (c) Experimental
dispersion curves obtained with
signals including the reflection.
(d) Recorded wave-field in the
spatial Fourier plane at f =
3.00 MHz.
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FIG. 7. (color online) Normal-
ized negatively reflected field for
an incident S1 mode at fre-
quency f = 2.95 MHz (a), f =
2.97 MHz (b), f = 3.00 MHz
(c) and f = 3.05 MHz (d). The
focusing distance can be tuned
by changing the frequency, i.e.
playing on the ratio between
kS1 and kS2b .
at f × (2h) = 2.86 MHz · mm is depicted in Fig. 8(a)
for a plate of thickness 2h = 1.5 mm. Contrary to the
case of an incident S1 lamb mode, as |kS2b | < |kS1 |, the
focusing occurs at a distance further than the distance
of the source from the edge. In the limit of small angles,
it occurs at a minimal distance dM as given by Eq. (11),
whereas, in the limit of θi → pi/2, it occurs at an infinite
distance from the edge. However, as in the previous
part, the non-linearity of θS1 as a function of θi causes
most of the energy to be focused at a distance dM from
the edge.
In this subsection, the transducers’ array cannot
be used as it would perturb the reflected wave-field.
Hence, the source consists in a piezo-electric transducer
of 7 mm-diameter placed at a distance D = 30 mm
from the edge of a Duralumin plate of thickness
2h = 1.5 mm. A 10 µs chirp signal spanning the
frequency range 1.8− 2.0 MHz is sent to the transducer
which generates a cylindrical incident wavefront in the
plate. As in the previous experiment, the vibration of
the plate is measured with a heterodyne interferometer
over a grid of points that maps 10 × 6 cm2 of the plate
surface. The dimension of the plate is large enough
to avoid reflections from the other edges during the
recording time of the experiment.
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at f × (2h) = 2.86 MHz · mm, over a time range from
0 to 250 µs [see Fig.8(b)]. In the spatial Fourier plane,
the inner circle accounts for the cylindrical generation of
the backward S2b mode, whereas the contribution from
the S1 mode (outer circle) only occurs for negative kx1
values, meaning it only originates from the reflection on
the free edge. The selective excitation of the S2b-mode
is explained by the matching of its wavelength with the
transducer diameter. Contrary to the previous experi-
ment, as |kS2b | < |kS1 |, the reflection is angularly limited
to θc = arcsin (|kS2b/kS1 |), resulting in an arc of a circle
for the reflected S1 mode in the spatial Fourier plane.
The corresponding wave-field is investigated in Fig. 8(c)-
(e). Fig. 8(c) displays the wave-field resulting from the
superposition of the backward S2b mode generated by the
transducer and the forward S1 mode reflected by the free
edge. In order to clarify our interpretation of data, the
contribution from each mode can be extracted by spa-
tial filtering in the Fourier plane. Fig. 8(d) represents
the incident S2b mode whose excitation is almost per-
fectly isotropic, as expected from its circular distribution
in the Fourier plane [Fig. 8(b)]. The reflected wave-field
is shown in Fig. 8(e). As expected from Eq. (10), the
focusing occurs at a distance greater than D. Moreover,
as the S1 mode is reflected over a limited angular range
[see Fig. 8(b)], the focusing operation is not as efficient
as in Sec. III A. The reflected wave-field is also disturbed
by the presence of the transducer whose position is rep-
resented by a black dashed line in Figs. 8(c)-(e). At last,
it is important to note that, whereas, in the first experi-
ment, all the reflected rays were of finite length [Fig. 4],
paths of infinite length (θi → pi/2) here cannot be col-
lected during the recording time of our measurements.
C. Experimental demonstration of the plate edge
acting as phase conjugating mirror
As shown in Sec. II, the conversion between the S1 and
S2b modes at a free edge is almost perfect in the vicinity
of the ZGV point. Moreover, for a point-like source, the
negatively reflected wave-field should focus back exactly
at the initial source location (see Fig. 4). Hence the
free edge should act as a phase conjugating mirror near
the ZGV resonance. The aim of this subsection is to
investigate experimentally this striking behavior.
The experimental configuration is described in the
previous subsection. The wave is generated at the
frequency-thickness product f × (2h) = 2.85 MHz · mm,
assimilated to the ZGV point. A spatial DFT of the
recorded wave-field is performed over the first 200 µs
including the waves reflected by the free edge. The
associated spatial Fourrier transform is displayed in
Fig. 9(a). Two circles associated with close k values
correspond to the forward S1 (outer circle) and the
backward S2b (inner circle) modes. An inverse DFT
yields the corresponding wave-field in the real space
[see Fig. 9(b)]. Contrary to the wave-field measured
above the ZGV resonance [Fig. 8(c)], the cylindrical
incident and reflected wave-fronts are here impossible to
discriminate as they exhibit the same curvature.
To extract the contribution of the incident wave-field,
a spatial DFT is performed on the first 50 µs. This
time window excludes the reflection on the free edge of
most slow modes [see Fig. 9(c)]. As λS1 ' λS2b in the
vicinity of the ZGV resonance, the generation cannot
be selective and both modes are excited. However,
it appears that the S2b mode is still preferentially
and isotropically generated than the S1 mode. The
corresponding wave-field is displayed in the real space
in Fig. 9(d). As expected from its circular distribution
in the Fourier plane, the incident wave-field is almost
perfectly isotropic.
The reflected contribution is now isolated by com-
puting the DFT of the recorded wave-field over a time
window from 100 to 200 µs [see Fig. 9(e)]. However,
because of their near zero group velocities, the incident
and reflected waves cannot be perfectly separated. The
angular range labelled (1) in Fig. 9(e) (small angles
of reflection) corresponds to the reflected wave-field
whereas the angular range labelled (2) in Fig. 9(e) (large
angles) corresponds to the residual incident wave-front.
Fig. 9(e) shows that, in agreement with our theoretical
calculations, the incident S2b mode is efficiently reflected
into the right-going S1 mode (kx1 < 0). An inverse DFT
of the signal in the angular range labelled (1) in Fig. 9(e)
yields the reflected wave-field in the real space [see
Fig. 9(f)]. As expected, the reflected wave focuses back
on the source location whose position is represented by a
black dashed circle in Fig. 9(f). The free edge is shown to
act as a phase conjugating mirror. Note that the presence
of the transducer pertubs the reflected wave-field and
prevents us from observing its propagation at later times.
This experiment demonstrates that the free edge of the
plate acts as as a passive phase conjugating mirror in the
vicinity of the ZGV resonance. The negative reflection
phenomenon thus offers numerous possibilities to control
the propagation of Lamb waves in the vicinity of a free
edge.
IV. CONCLUSION
In summary, we have studied semi-analytically and ex-
perimentally the interaction of Lamb waves with the free
edge of a plate. In particular, the conversion between
forward and backward Lamb modes, that gives rise to
negative reflection, has been investigated in details. In-
terestingly, it has been theoretically shown that this con-
version is uniform over most of the angular spectrum.
Experimentally, this has been taken advantage of to show
how a simple free edge can act as an efficient tunable fo-
cusing mirror. Last but not least, close to the ZGV res-
onance, the conversion between forward and backward
modes has been shown to be total and the plate edge
shown experimentally to act as a phase conjugating mir-
ror. This striking behavior opens new perspectives for
the manipulation of Lamb waves. In particular, negative
reflection gives rise to enhanced back-scattering that can
be taken advantage of for the detection of defects in non
Ge´rardin et al. : Negative reflection of Lamb waves
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FIG. 8. (color online) Negative reflection of the S2b mode slihgtly above the ZGV point. (a) Network ray tracing of the
reflection by a free edge for a plate of a plate of thickness 2h = 1.5 mm at f × (2h) = 2.86 MHz · mm (b) Field spatial Fourier
spectrum at f × (2h) = 2.86 MHz · mm. The backward S2b mode is generated selectively (inner circle) and is converted at the
free edge in the S1 mode. (c) Total wave-field resulting from the superposition of the backward S2b mode generated by the
transducer and the forward S1 mode converted on the free edge. (d) Low pass filtered wave-field corresponding to the generated
backward S2b-mode and (e) high-pass filtered wave-field corresponding to the the reflected forward-propagating S1-mode.
destructive testing. Besides, an association of the phase
conjugation phenomenon with the sensitivity of the ZGV
resonance [14] can be fruitful and may lead to a new type
of acoustic sensors.
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APPENDIX A : NUMERICAL METHOD
The numerical method presented in this appendix is
adapted from the one implemented by Pagneux [25]. The
elasticity equations (4) and (5) can be written
∂x1
 XY
Z
 =
 0 F 0G 0 0
0 0 H
 ·
 XY
Z
 , (12)
where X = (u1, σ12)
T
, Y = (−u2, σ11)T , Z = (u3, σ13)T
and where F , G and H are the operators,
F =
 −( 1γ) −(γ−2γ ) ∂y(
γ−2
γ
)
∂y −
[
Ω2 − 4
(
γ−1
γ
)
∂y2
]  , (13)
G =
(
Ω2 ∂y
−∂y 1
)
, (14)
H =
(
0 Ω2 − ∂y2
1 0
)
. (15)
The boundary condition expressed in Eq. (5) can be ex-
pressed in term of Y by writing
σ12 (Y) =
(
γ − 2
γ
)
σ11 + 4
(
γ − 1
γ
)
∂x1u2. (16)
Then, the whole problem as the boundary conditions can
be expressed in term of X, Y and Z. The problem is
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FIG. 9. (color online) Negative reflection in the vicinity of the ZGV point. (a), Spatial Fourier spectrum of the total wave-field
computed at the frequency-thickness product f × (2h) = 2.85 MHz · mm over the first 200 µs. (b), Total wave-field in the
real space deduced from an inverse DFT of the spatial Fourier spectrum displayed in (a). (c), Spatial Fourier spectrum of the
incident wave-field computed at the frequency-thickness product f × (2h) = 2.85 MHz · mm over the first 50 µs. (d), Incident
wave-field in the real space deduced from an inverse DFT of the spatial Fourier spectrum displayed in (c). (e), Spatial Fourier
spectrum of the reflected wave-field computed at the frequency-thickness product f × (2h) = 2.85 MHz · mm over the time
range [100− 200] µs. (f), Reflected wave-field in the real space deduced from an inverse DFT of the spatial Fourier spectrum
over the angular range labelled (1) in (e).
solved numerically by using the MATLAB Differentiation
Suite developed by Weideman and Reddy [30]. This suite
can be used to solve ordinary differential equations us-
ing a Chebyshev collocation spectral method. Equations
are spatially discretized along the x2 axis. Any function
qN (x2) on the domain [−1, 1] may also be approximated
as qN (x2) =
∑N
k=1 qˆkTk(x2), where, qˆk = q
(
x
(k)
2
)
, the
functions Tk(x2) are the Chebyshev polynomials of or-
der k and the interpolation points are the Chebyshev-
Gauss-Labatto points x
(k)
2 = cos (kpi/(N − 1)), for k =
0, . . . , N − 1. Then, the spatial derivatives of qN (x2)
along the x2 coordinate can be evaluated at the colloca-
tion points by the matrix multiplication with the dif-
ferentiation matrices DN . To solve our problem, the
displacement and stress tensor components are written
respectively as
ui =
N∑
k=1
uˆ
(k)
i Tk(x2), (17)
σij =
N∑
k=1
σˆ
(k)
ij Tk(x2). (18)
The implementation of the boundary conditions σ · n2 =
0 has to be performed carefully. The stress-free condition
σˆ12 (x2 = ±1) = 0 leads to σˆ(1)12 = σˆ(N)12 = 0. It can also
be implemented by considering σˆ12 as a vector of dimen-
sion N−2. The boundary condition σˆ22 (x2 = ±1) is im-
plemented with the use of Eq. (16), leading to the direct
relation between σˆ
(i)
12 and uˆ
(i)
2 , for i = 1 and i = N − 1,
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σˆ
(i)
11 = −4[(γ − 1)/(γ − 2)]lTi uˆ2, where li is the vector for
the ith row of the differentiation matrix D1. The stress-
free condition σ13 (x2 = ±1) = 0 is implemented by cal-
culating the corresponding differentiation matrix D˜2 in-
corporating Robin conditions (see Ref. [30] for details).
With this discretization, Eqs. (17) and (18) become
∂x1X =
 −( 1γ) I M1(
γ−2
γ
)
D1 M2
 · Y, (19)
∂x1Y =
(
Ω2I D1
−D1 I
)
· X, (20)
∂x1Z =
(
0 −
(
Ω2I− D˜2
)
I 0
)
· Z, (21)
with
M1 = −
(
γ − 2
γ
)
D1 −
(
4
γ
)(
γ − 1
γ − 2
) l1T0
lN
 , (22)
M2 = −Ω2I−4
(
γ − 1
γ
)
D2+4
(
γ − 1
γ
)(
c1l
T
1 + cNl
T
N
)
,
(23)
where c1 (respectively cN) is the first (respectively the
last) column of the differentiation matrix D1 and I is
the identity matrix. Each matrix has to be understood
as having the dimension in agreement with the vectors
it links.
Considering N = 2Ne an even number, the problem
can be reduced to the symmetric (respectively to the anti-
symmetric) problem by imposing the corresponding par-
ity of the different displacement and stress tensor compo-
nents. For example, in case of a symmetric problem, u1,
u3, σ11 and σ13 are even functions whereas u2 and σ12
are odd functions. The diagonalization of this system of
ordinary differential equations yields (6Ne − 2) eigenval-
ues and eigenvectors, corresponding to the 4Ne−2 Lamb
modes and 2Ne SH modes, which halves correspond to
right-going modes and left-going modes. Considering an
incident propagating right-going Lamb mode with an an-
gle θi with respect to the normal direction, one can de-
fine the reflection angles θn corresponding to the different
left-going modes, associated with the wave numbers −kn
using Eq. (6). The strain-displacement field associated
with each reflected mode is deduced by applying a rota-
tion operator to the corresponding eigenvector (Eqs.(7)-
(8))
u′ =
 u1 · cos (θ)− u3 · sin (θ)u2
u1 · sin (θ) + u3 · cos (θ)
 , (24)
σ′ · n1 =
 σ11 · cos2 (θ) + σ33 · cos2 (θ)− 2 ·σ13 · cos (θ) sin (θ)σ12 · cos (θ)− σ23 · sin (θ)
(σ11 − σ33) · cos (θ) sin (θ) + σ13 ·
(
cos2 (θ)− sin2 (θ))
 , (25)
where σ33 can be deduced from X, σ33 (X) =
(σ11 + 2 · D1 ·u2) [(γ−2)/γ]. Finally, the complex reflec-
tion coefficient can be computed using Eq. (9). Consid-
ering an obliquely incident right-going Lamb mode, there
are (3 ·Ne − 1) coefficients to determine the (2 ·Ne − 1)
left-going Lamb modes and the Ne left-going SH modes.
These coefficients satisfy (3 ·Ne − 1) equations derived
from the stress-free condition at the plate edge (Eq. (9)).
The cancellation of σ′11, σ
′
12 and σ
′
13 gives Ne, Ne−1 and
Ne independent conditions, respectively. The computa-
tion is done with Ne = 100.
APPENDIX B : SELECTIVE GENERATION OF
THE S1 MODE
The selective generation of the S1 mode is achieved by
using an array of 64 transducers. The transmitted signals
are calculated using a 2D inverse DFT of the selected part
of the dispersion curve k (f), priorly convoluted with a
Gaussian structuring element. The S1 mode was selected
between 2.9 and 3.1 MHz. The transducer array is driven
by a Lecoeur Electronics 64-channel programmable de-
vice which allows for an 80 MHz sampling frequency. The
B-Scan corresponding to the spatio-temporal excitation
by the array of transducers is displayed in Fig. 10. The
array element number 64 is the closest to the free edge.
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FIG. 10. (color online) B-Scan corresponding to the spatio-
temporal excitation by the array of transducers. The array
element number 64 is the element that is closest to the free
edge.
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